The paper deals with the properties of Bose-gases in the inhomogeneous external fields at very low temperatures, when a Bose-Einstein condensation occurs. This particularly refers to the trapped alkali gases, which are of great experimental and theoretical interest during last few years. The system is considered here in the frame of the developed approach closed to the Bogoliubov's one with necessary modifications. In particular the generalization of Bogoliubov transformations made it possible to find out the spectrum of quasiparticles (low-energy thermal excitations) with account of purely quantum parts of ψ-operators in first order. 03.75.Fi, Typeset using REVT E X 1
I. INTRODUCTION
Recent achievement of Bose-Einstein condensation (BEC) of dilute atomic gases in the magnetic traps [1] appeared to be the excellent completion of more than decennial experimental efforts in this direction. Though the idea of the condensation of particles in the momentum space was born as far back as 1925 [2] , the first rigorous investigation of the dynamical properties of weakly nonideal Bose-gas appeared in 1947 in the classic Bogoliubov's work [3] . It should be noted that the Bogoliubov approach was essentially modified and improved by the author of series of papers [4] , who tried to build a microscopic theory of superfluidity based until now on the Landau theory [5] . A simple analytic interpretation of superfluidity in such systems as 4 He at low temperatures to all appearance is impossible within a frame of quantum statistical mechanics because of strong interaction between the particles. Due to this and other reasons the recent experimental progress in BEC physics is really a breakthrough in quantum statistical physics.
Unfortunately (or fortunately because interestingly?) in the real experiments the system is strongly inhomogeneous due to a non-uniform trapping potential. Therefore, the ordinary classic results, such as [3, 4] , can not be applied directly in this case. The tremendous number of theoretical works devoted to the BEC dynamics and thermodynamics in trapping potentials was in general concentrated on the investigation of zero-oder effects with respect to the quantum perturbations ofψ-operator (see the excellent review [6] and references therein). Really in an inhomogeneous Bose-condensed gases interaction is not a purely quantitative correction, but can itself lead to the interesting physical effects [6] . In this regard the famous Gross-Pitaevskii equation [6] [7] [8] was the most popular object of theoretical investigations during last few years.
To investigate the quantum excitations of a condensate we need the theory, which accounts a presence of particles in the excited states, i.e. the spectrum of corresponding quasiparticles. Earlier all the attempts to solve this problem [9, 10] were done using the nonuniform wavefunction Φ(r, t) taken as an order parameter in the ground state. In this case we cannot accurately pass fromψ-operators (coordinate space) toâ-operators (momentum space) description because we do not know exact single particle wavefunctions of the system.
However, the Bogoliubov-like quasiparticles are essentially defined in the momentum space.
That is the problem.
The main aim of the present paper is to try to modify the classic Bogoliubov approach [3, 4] such that it becomes applicable to the inhomogeneous many-particle Bose systems at the low temperatures, when BEC occurs. Below, after such modification, we found the energy spectrum of Bogoliubov-like quasiparticles with account of the inhomogeneous external field.
II. HAMILTONIAN
We are interested in a system of bosons with mass m enclosed in a volume Ω in which Bose-Einstein condensation has taken place down to the zero-momentum state. Such a system can be described by the following Hamiltonian
where µ(r) is the local chemical potential, U tr (r) is the potential of an external field,
is the pair interparticle interaction potential. Note we could take the chemical potential in
(1) to be independent on the coordinate. In that case it fixes the total number of particles.
In our case µ(r) fixes the number density of particles. Thus, the chemical potential, which figures in the grand canonical ensemble distribution is given by
Now we come to the main idea of this paper. Let us use the uniform quantity
is the number of condensate particles) as an order parameter, like in the classical scheme [3, 4] . This mean that we should pass to some quasiparticles already at this first stage.
Really, to pass fromψ-operators toâ operators defined in the momentum space we need the single particle wavefunctions. So let us pass from the creationψ † (r) and annihilation ψ(r) operators of real particles in the coordinate space to the creationâ † p and annihilation a † p operators of some quasiparticles in the momentum space via standard relationŝ
These relations ensures the operatorsâ † p andâ p to be subject to the ordinary boson-type commutation relations:
The transformations (2) particularly means that the configuration of particle/quasiparticle ensemble in momentum space should be such to keep the relation |ψ(r)| 2 = n(r) being always valid.
Further, doing the straightforward Fourier transformations
and
we come to the Hamiltonian
Thus mathematically our problem is to find the spectrum of quasiparticles for which the Hamiltonian (5) has a diagonal form.
The presence of the condensate allows us to disregard the commutation relation between a † p andâ p . Thus, following Bogoliubov [3] , we can takeâ † 0 =â 0 = √ N 0 and treat the total number N 0 of zero-momentum particles as a variational parameter. The Hamiltonian (5) can be presented as a sum of five terms according to the number of operatorsâ † p andâ p with p = 0 as followsĤ
HereĤ
andĤ
where ′ as usually implies the summation over nonvanishing values of summation variables.
Note, the equations (6)- (10) The roughest approximation is to disregard all excited particles, i.e. to keep onlyĤ (−2) inĤ. Minimizing the former with respect to variation of N 0 , we come to the optimum relation between N 0 and ζ(0):
The straightforward improvement is to account the two next terms in Hamiltonian, i.e.
. While the former gives a contribution only into the ground state energy [11] , the later one accounts the interaction in first order, and therefore, will lead us to the quasiparticle energy spectrum.
III. DIAGONALIZATION
As we are not interested here in the ground state properties, let us concentrate on the diagonalization of the HamiltonianĤ (0) given by eq. (9). The simple scheme proposed by Bogoliubov [3] obviously fails here. To diagonalize HamiltonianĤ (0) we use below the method of diagonalization of quadratic Hamiltonians of general form, analogous to that given in [12] .
Let us rewrite the HamiltonianĤ (0) (9) in the general quadratic form
where we introduced the new coefficients:
For diagonalization of the Hamiltonian (13) we introduce the new creationα † q and annihilationα q operators via the following transformations
Now we should do a suitable choice of the parameters in (16), (17). Firstly we require u pq and v pq to obey the following normalization and orthogonality conditions:
It can be shown that the conditions (18), (19) lead to the conditions (21) we come to the reverse transformationŝ
Let us now show that the parameters u pq and v pq , which obey the additional conditions (18)- (21), can be chosen such that the Hamiltonian (13) in the quasiparticles representation (16), (17) have the following diagonal form
where ε q is the energy of quasiparticle with momentum q, ∆E g is the contribution from H (0) to the ground state energy. Following [12] let us find necessary conditions for the corresponding values of u pq , v pq , and ε q . Assume the Hamiltonian (13) being reduced to the form (24). Equations of motion take the form
On the other hand equations of motion for the old operatorsâ p , which follows from (13),
At that, the operatorsâ k linearly depends on the new operatorsα † q andα q . Substituting equations (22), (23) into eq. (27) with account of eqs. (25) and (26), we readily obtain
Equating coefficients at the operatorsα q andα † q in eq. (28), we come to the set of equations, which establish the necessary connection with parameters of our transformation
Thus u pq , v pq , and ε q are the eigenfunctions and eigenvalues of the uniform linear system of equations (29), (30).
To solve the system of equations (29), (30) we will use the methods of matrix algebra.
Introducing the matrices A = A pk , B = B pk , U = u pq , V = v pq , and the diagonal matrix E = ε q · δ q,l , we can rewrite system (29) and (30) in matrix form as follows
After some straightforward operations, we come to the following secular equation for determining of the eigenvalues of ε p :
where we introduced the supermatrix
I is the unit matrix.
Substituting eqs. (14) and (15) into the secular equation (33) we obtain the quasiparticle spectrum, which can be presented in its standard form
where λ q takes however quite complicated form, namely it is given by the relation
When obtaining equation (36) we have used the relation (12) . After some straightforward but quite cumbersome calculations it is really can be shown that, using eqs. (18)- (23) with account of eqs. (35) and (36), Hamiltonian (13) can be transformed to the form (24).
Contribution to the ground state energy in eq. (24) is given by the formula
The explicit form of eq. (37) is too cumbrous and we do not write out it because we are not interesting here in the ground state properties. The later with account of the contribution fromĤ (−1) , given by eq. (8), will be considered in detail in [11] .
It is notably that the quasiparticle spectrum does not depend explicitly on the coordinate, since we are working in the momentum space (see the initial transformations (2)- (4)). This is in complete agreement with the general principles of quantum statistical mechanics. We note also the remarkable fact: the spectrum given by eq. (35) can be either normal or anomalous dependently on the explicit form of the last term in the bracket of eq. (36).
The curvature of the spectrum determines what type of quasiparticles interactions mainly contribute into the relaxation processes [13, 14] . Hierarchy of the interaction times can lead to the very interesting processes of the energy exchange between different regions of the spectrum, like it occurs in superfluid helium [?,?] .
It is naturally to consider first of all the low-momentum limit q → 0. From the resulting equations (35) and (36) we come to the formula
The last term in the brackets formally vanishes because it does not contain items with p = 0 initially (see eq. (13)). Therefore the state with zero momentum formally corresponds to zero energy. However the problem of continuous tendency of momentum down to zero appears. This problem require a detailed study of higher harmonics of external field and chemical potential and, possibly the account of inelastic interactions of quasiparticles with a condensate, which is responsible toĤ (1) andĤ (2) . It can be seen from equation (38) we have λ q ≈ 1 and the spectrum becomes like the one for the free particle:
In general the spectrum given by eq. (35) has a gap, which is due to the presence of external non-uniform potential. To find the higher Fourier harmonics of the potential and the local chemical potential we must solve the corresponding variational problem or the selfconsistency equation with account of particular form of the potential. This problem exceeds the bounds of the present work.
In conclusion, starting with Hamiltonian (1) by means of the transformations (2) 
